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Additional file 6. Another demonstration of Goddard et al (2011)[18]  

accuracy 

Genotypes are coded using the standardized 𝑥𝑖𝑚 = (𝑎𝑖𝑚 − 2𝑝𝑚) 𝜎𝑚⁄  . The statistical model is  

𝐲 = 𝐗𝛃 + 𝐞 and the aim is to predict  g = 𝐖𝛃. Marker effects are distributed in ℒ(𝟎, 𝐈𝜎β
2). The 𝐲 

distribution conditional to 𝐗 is such that E(𝐲|𝐗) = 𝟎   and  𝑣(𝐲|𝐗) = 𝐗𝐗′𝜎β
2 + 𝐈σe

2.  The total 

phenotypic variance is  𝑣(𝐲) = v𝐗[E(y|𝐗)] + E𝐗[𝑣(y|𝐗)] = E𝐗[𝑣(y|𝐗)] = 𝑛𝑀E[𝐆]𝜎β
2 + 𝐈σe

2, where 𝐆 

is the genomic matrix.  The markers BLUP is  𝛃̂ = (𝐗′𝐗 + 𝐈λβ)−1𝐗′𝐲 = 𝐏𝐲  and the GEBVs are 

ĝ = 𝐖𝐏𝐲 = 𝐒𝐲.  

Let 𝐏𝐗 = 𝐓 = 𝐓′  giving 𝐏 (𝐗𝐗′ + 𝐈𝛌𝛃)𝐏′ = 𝐗′𝐗(𝐗′𝐗 + 𝐈𝛌𝛃)
−1

= 𝐓 = 𝐈 − λβ(𝐗′𝐗 + 𝐈λβ)−1 

 

We look for  E[𝑟2] =
𝑐𝑜𝑣2(g,ĝ)

𝑣(g)𝑣(ĝ)
 

𝑣(g) =  𝑣(𝐖𝛃) = 𝐸𝐰[vβ[𝐖𝛃|𝐖] ] + v𝐰[Eβ[𝐖𝛃|𝐖] ] = 𝐸𝐰[vβ[𝐖𝛃|𝐖] ] = 𝐸𝐰[𝐖𝐈σβ
2𝐖′]  

Thus  𝑣(g) = E[𝐖 ]′ 𝐈σβ
2E[𝐖 ] +  tr[𝐈σβ

2v(𝐖)] = σβ
2 ∑ σwm

2  
𝑛𝑀
m=1 .  

 

𝑣(ĝ) = E𝐖,𝐗[𝑣(ĝ|𝐖, 𝐗)] + v𝐖,𝐗[E(ĝ|𝐖, 𝐗)] = E𝐖,𝐗[𝑣(ĝ|𝐖, 𝐗)]    

v(ĝ|𝐖, 𝐗) = 𝐖𝐏(𝐗𝐗′𝜎β
2 + 𝐈σe

2)𝐏′𝐖′ = 𝐖𝐓𝐖′𝜎β
2  

E𝐖,𝐗[𝑣(ĝ|𝐖, 𝐗)] = 𝜎β
2 E𝐗[E𝐖[𝐖𝐓𝐖′|𝐗]]  

Let φW = E[𝐖|𝐗] , we get  E𝐖,𝐗[𝑣(ĝ|𝐖, 𝐗)] = 𝜎β
2E𝐗[φW𝐓φW

′ + tr{𝐓𝑣(𝐖|𝐗)}]  

𝑣(ĝ) = 𝜎β
2(E𝐗[φW𝐓φW

′] + E𝐗[tr{𝐓𝐃𝐖|𝐗}])  

 

𝑐𝑜𝑣(g, ĝ) = E𝐖,𝐗[𝑐𝑜𝑣(g, ĝ|𝐖, 𝐗)] + 𝑐𝑜𝑣𝐖,𝐗[E(ĝ|𝐖, 𝐗), E(g|𝐖, 𝐗)] = E𝐖,𝐗[𝑐𝑜𝑣(g, ĝ|𝐖, 𝐗)]  

𝑐𝑜𝑣(g, ĝ|𝐖, 𝐗) = 𝑐𝑜𝑣 (𝐖𝛃, 𝐖(𝐗′𝐗 + 𝐈λβ)
−1

𝐗′(𝐗𝛃 + 𝐞)|𝐖, 𝐗)  

𝑐𝑜𝑣(g, ĝ|𝐖, 𝐗) = 𝑐𝑜𝑣(𝐖𝛃, 𝐖𝐓𝛃|𝐖, 𝐗) = 𝐖𝐓𝐖′𝜎β
2  

Thus 𝑐𝑜𝑣(g, ĝ) = 𝑣(ĝ) 

and E[𝑟2] =
𝑣(ĝ)

𝑣(g)
=

𝜎β
2(E𝐗[φW𝐓φW

′]+E𝐗[tr{𝐓𝐃𝐖|𝐗}])

σβ
2 ∑ σwm

2  
𝑛𝑀
m=1

 

If we now suppose that 

 Individuals are unrelated φW = E𝐖[𝐖|𝐗] = E𝐖[𝐖] = 0 et 𝐃𝐖|𝐗 = 𝐃𝐖 

 Markers are in L.E.   𝑣(𝐖) = 𝐃𝐖 = 𝐈 

 𝐗′𝐗~E[𝐗′𝐗] = 𝑛𝑅𝐈  

E[𝑟2] =
E𝐗[tr{𝐓}]

𝑛𝑀
  with E𝐗[tr{𝐓}] = E𝐗 [𝑛𝑀 − λβ

𝑛𝑀

𝑛𝑅+λβ
] =

𝑛𝑅𝑛𝑀

𝑛𝑅+λβ
 

Finally  E[𝑟2] =
𝑛𝑅

𝑛𝑅+λβ
=

𝑛𝑅

𝑛𝑅+𝑛𝑀λ
=

𝑛𝑅
𝑛𝑀

ℎ2

𝑛𝑅
𝑛𝑀

ℎ2+1−ℎ2
 


